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Recurrence Relations

o Arecurrence relation for the {a,} is an equation that expresses
a, in terms of one or more of the previous terms of the
sequence, ay, a4, ..., 8,1

o A sequence is called a solution of arecurrence relation if its
terms satisfy the recurrence relation.
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Rabbits and Fibonacci Numbers

o E.g., therelation f, =f_ ,+f , of Fibonacci numbers is a

recurrence relation.
o A sequence {f }:

o Initial condition: f; =1,f, =1
o Recurrence: f,=f ,+f, ,,forn>3
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Tower of Hanoi (1/3)

o Consider moving a stack of disks with different sizes with three
pegs. Initially, all disks are sorted and placed on the first peg.

o Only move 1 disk at a time (topmost).
o Never set a larger disk on a smaller one (always sorted).
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Tower of Hanoi (2/3)

o Sol:
o Let H, be the number of steps to solve the problem of n disks.
o Clearly, H; = 1.
o Now consider moving n disks from peg 1 to peg 2.

If we can move the topmost n -1 disks from peg 1 to peg 3, we
can solve the puzzle by moving the bottom disk from peg 1 to
peg 2 and then the n - 1 disks from peg 3 to peg 2. In other
words, H,=H_,+1+H_,.

o Wehave H,=2H_,+1,forn>2.

1 2 3

http://en.wikipedia.org/wiki/File:Tower_of Hanoi_4.qif

n-1

1 §>\
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Tower of Hanoi (3/3)

o H,=2H,,+1
=2(2H,,+1)+1
=2%H,,+2t+2°
=2%(2H, 5+ 1) + 21 + 20
=2%H, 3+ 22+ 21+ 20

=2miH +2Mm2+  +21+20H, =1
=2i=0.n1 2
=(2"-1/(2-1)=2"-1
o A myth says monks are transferring 64 gold disks. The world
will end when they finish the job.
o If the monks take 1 second to move a disk
o 2%4—1 sec = 18,446,744,073,709,551,615 sec > 500 billion years
o we should sleep well ©

Advanced counting



Bit Strings without 2 Consecutive 0s

o Find arecurrence relation and give initial conditions
for the number of bit strings of length n that do not have 2
consecutive 0s

o Let a, denote the number of qualified bit strings of length n

End witha 1 any bit string of length n-1 with no 2 consecutive Os = =a,

o Recurrence: a,=a,; +a,,, N=3
o Initial conditions: a;, =2, a, =3
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Catalan Numbers

o Find the number of ways to parenthesize the product ofn +1
numbers Xy, Xq, ..., X,
o Sol:
o Let C, denote the # of ways to parenthesize the product of n+1
numbers, e.g.,,C;=5
Xo- (X1 (X27X3)) Xo ((X17X2)-X3)  (Xo (X1X2)) X3
o Clearly, C, = 1.
o Consider X, Xy, ..., X, We can compute it by
(Xg - X ) (Kpeyq *---+ X)) forany k=0, ..., n. Therefore
Cn = COCn-1+ C:1Cn-2 Tt Cn-lCO
o The sequence {C.}, C.= 2, ,.1C.C, .1, IS called Catalan
numbers.
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Homogeneous Linear Recurrence Relations
with Constant Coefficients

(o A linear homogeneous recurrence relation of degree k with )
constant coefficients is of the form

a,=Cja,; +Ca,,+ ..+ Ca,,,
\_ Wherec,, C,, ..., ¢, € Rwith ¢, #0. )

o E.g.,therecurrence for Fibonacci numbers f, =f ,+f ,isa
linear homogeneous recurrence relation of degree two.

What does linear means?
If s, and t, are solutions, for any real c and d, cs,, + dt, is solution, too.
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Solving Linear Recurrence Relations (1/2)

‘o Letcy, C, € R. Suppose x2 = ¢,x + ¢, has two distinct roots r, N
and r,. Then {a,} is a solution of the recurrence relation a, =
c.a,1 T C,a,,if and only if a, = a,r;" + a,r," for n e N and some
\_ constants a4, o,. )
o Pf: (<)
o Suppose a, = o4+ a,r,".
o We want to verify a, = c,a,.; + C,a, .
O Cy8hq = Croufy™ + Cionr,™

O Codyp = Coou ™% + Co0ir,™2

O Cyan1 + Codyp = 04yl™2(Cyly + Cy) + apl,"%(Cylp + C))
= oyl "2(rg%) + apr,"A(rp?)
= 0yl + ol
= an
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Solving Linear Recurrence Relations (2/2)

o Pf: (=)

o From the first part of proof, we know a, = a,r," + a,r," satisfies the
recurrence relation a, = c,a, ; + C,a, .

o It remains to show a, = a,r," + o, r," satisfies initial conditions for
Some oy, ol,.

o The theorem then follows from the unigueness of solution to
linear homogeneous recurrence relation.

o To see a, = a4, + a,r," satisfies initial conditions for some o, o..
Consider a; = a4, + a,l, and a; = o, + a.,.

o This is a linear system of two variables a4, a,,. The solutions are

ay — agh doll — a1

] = . vy =
rn— and n—1nrn
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,ax2+b:c+c=ﬂ

Fibonacci Numbers ol

2o

o Recall the recurrence relation for Fibonacci numbers f, =f ,+
f., with f;=0and f; = 1. Find an explicit formula for the

Fibonacci numbers.
0 Sol: 1L VE
14++/5
o The solutionstox?=x + 1 are =

o Hence, (1 + \f) (1 — \@) " for some ay, o.
fn = 01 T+ | ———

2 2

_ 1+/5 1 \/_
o Solving0O=a,+a,andl=o,( 2 )+o,(—2 ), wehave

_ 1 __
OLl - \/g ) OL2 -
o Therefore,

145\ VAN
f,= o1 ( +2\f) + o (—QI)

S
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Let c,, C, € R. Suppose x? = ¢,X + ¢, has two distinct roots r; and r..
Then {a,} is a solution of the recurrence relation a,, = c,a, ; + c,a,,If
and only if a, = a,r,"+ a,r," for n € N and some constants a,, a..




Characteristic Equations with Multiple Roots
(1/2)

(o Letcy, C, e R, c,#0. Suppose x2 = ¢,X + C, has only onerootr. )
Then {a,} is a solution of the recurrence relation a, =c,a, ; +
c,a,,If and only if a, = a,I"+ a,nr" for n e N and some

\_ constants a4, o,. )

o Pf: (<)
o 2r =c, and c,r +2¢, =0
o Leta, = o4M+ a,nrm. Then
o Cja,, = Cya, M1+ cio,(n-1)r1
O
O

Coa,,, = C,04 M2 + Cy0,(N-2)1M-2
C1@hq F Colnp = 04IM3(Cyf + C;) + apr™%(Cy(N-1)r + €,(n-2))
= o, M2 + o,I"2(c Nr- c,r +c,n - 2¢,)
= oM + a,Mm?(c,nr +c,n)
= a, " + a,r2n(c,r +c,)
= oM+ o,r2n(r?) = o, M + oa,nr"
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Characteristic Equations with Multiple Roots
(2/2)

(o Letcy, C, e R, c,#0. Suppose x2 = ¢,X + C, has only onerootr. )
Then {a,} is a solution of the recurrence relation a, =c,a, ; +
C,a,,Iif and only if a, = a,I" + a,nr" for n e N and some

\_ constants a4, o,. )

o Pf: (=)
o It remains to show there are a, and a, satisfying the initial
conditions.

o We have a; = a;.

o Therefore
d1 — dpf

(Xp =
r
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Example

o What is the solution of the recurrence relation a, = 6a,,.; - 9a,,
with a; =1 and a; = 6?
o Sol:
o Since 3 is the multiple root of x2 = 6x - 9,
o we have a, = a,3" + a,n3".
o Moreover, o, = a, =1 and a, = (6-1*3)/3 = 1.
o We have a, = 3"+ n3".

Let c,, C, € R, ¢, #0. Suppose x? = ¢,X + ¢, has only one root r.
Then {a,} is a solution of the recurrence relation a,, = c,a,; + c,a,
if and only if a, = o, + a,nr" for n € N and some constants o, o.,.
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Characteristic Equations with Distinct Roots

Let cy, Co, ..., C, € R. Suppose the characteristic equation
= B b o Gy
has k distinct roots ry, 1y, ..., I, . Then {a,} Is a solution of the
recurrence relation
an = C1854 i Coan. ot Crnk
If and only if
n =0y o oyl
\for n € N and some constants a,, o, ..., 0.

~
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Characteristic Equations with Multiple Roots

Let cy, Co, ..., C, € R. Suppose the characteristic equation
xk=cxkt+cxk2+ . +c,

has tdistinctroots ry, r,, ..., r,with multiplicities m;, m,, ..., m,
respectively such that m;>1 and m;+m,+...+m, =K.
Then {a,} is a solution of the recurrence relation
an = Clan-l + Czan-z Tt Ckan-k
If and only if
A, = (a0t 0y 1N+ + 0y g N
+ (Qp0F O NF.L .t 0Oy o NS
+ ...

+ (O ot @ Nt O g N
for n e N and some constants o .
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Solving Nonhomogeneous Linear
Recurrence Relations

/6 Alinear nonhomogeneous recurrence relation with constant "\
coefficients is of the form

an = C1an-1 + Czan-z Tt Ckan-k + F(n),
wherec,, C,, ...,c, € Rand F: N — Z. The recurrence relation
an = Clan-l + Czan-z Tt Ckan-k
\_ Is called the associated homogeneous recurrence relation. )

/5 Theorem: Let {a,(P} be a particular solution of N
an = C1an-1 + Czan-z Tt Ckan-k + F(n),

Then every solution is of the form {a,®+a, ™}, where {a,M} is a

solution of

K an = Clan-l + Czan-z Tt Ckan-k /

o a,(M: homogeneous solution

o a,P): particular solution
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Example

o Find all solutions of a, = 3a,,; + 2n, with a, = 3.
o Sol:
o {a.} is of the form {a,P+a, (M}.
o Letus guess a P =cn +d.
o Thencn+d=3(c(hn—1)+d)+2n = (3c+2)n + (3d — 3¢).
o Solve c = 3c+2 and d = 3d — 3c.
o We obtainc=-1and d = -3/2
o Hence, a,(P = —n — 3/2 is a particular solution.
o We have a,("W = a3" (x — 3=0)
o Therefore, a, =—-n —3/2 + a3", where a Is a constant
o3=a;,=-1-3/2+3a; a=11/6.
o Finally, a, = —n—3/2 + (11/6)3"
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Example

o Find all solutions of a, =5a,,, - 6a,,+ 7".
o Sol:
o {a,} is of the form {a,(P+a M}.
o Letus guess a P =c-7".
o Then c-7"=5¢-7™1- 6¢-7"2 + 7", 49¢c = 35Cc — 6¢ + 49, ¢ = 49/20
o a,P) = (49/20)-7" is a particular solution.
o We have a,MW = o,2" + a,3" (X2 — 5x + 6 =0)
o Therefore, a, = a,2"+ a,3" + (49/20)-7" are all solutions.

Advanced counting



Solving Particular Solutions

Suppose {a,} satisfiesa, =c,a,, +c,a,, +...+ c,.a,, + F(n),
where c,, C,, ..., Cc, € R and

F(n) = (bynt* + b, ,n*1 + ... + b;n + by)s", where s, b,, b4, ..., b, € R.

o When s is not a root of the characteristic equation of the
associated linear homogeneous recurrence relation, there is a
particular solution of the form

(Pt + pygntt + ...+ pn + p)sh.

o When s is a root of the characteristic equation and its
multiplicity is m, there is a particular solution of the form /

NM(pn' + p Nt + ...+ pin +pg)st.

Advanced counting



Example (1/2)

o Solvea,=a,,+3n?-3n+1, witha,=0.

0 Solution: Since a, = a,—1 +3n° —3n+1, F(n) = (3n°* —3n+1)1".
(h)

we have a,’ = a - 1" = a as homogeneous solutions.

we let aff) = n(pyn? + pyn—+ pg) as a particular solution.

Substitute aj(-;p} in the recurrence relation, we have

n(p2n® +pin+po) = (n—1)(p2(n—1)° + p1(n—1) + po) +3n° = 3n+ 1.

Simplify both sides of the equation and compare their coefficients:

p2 = P2

pr = —3p2+p1+3

Po = 3p2—2p1+po—3
0 = —p2o+p1—po+1
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Example (2/2)

o Solvea,=a,,+3n?-3n+1, witha,=0.

(Cont'd)

Solve the linear system and get pp = 0.p; =0, p> = 1. Hence

2P = n(1-n*>+0-n+0)=n>is a particular solution.

Thus, a, = n®> + « are all solutions. Since ag = 0, we have & = 0. And we

conclude a, = n®.

Notice that n* — (n — 1) = 3n®> — 3n + 1. Hence
S h_q13k? =3k + 1= n’ Alternatively, note that

n
ap=» 3k —3k+1,
k=1

you can solve it by computing the summation.
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Divide-and-Conguer Algorithms

o Divide a problem into 1 or more smaller instances of the same
problem

o Conqguer the subproblems recursively
o Combine the solutions

o Divide-and-conquer algorithms
o Binary search
o Merge sort
o Tower of Hanoi
o...

Advanced counting



The Recurrence Relation of D&C

o Assume a divide-and-conquer algorithm
o Divides a problem of size n into a subproblems,
where each subproblem is of size n/b,

and g(n) extra operations are required in the divide and combine
steps

o Then, if f(n) represents the number of operations required to
solve the problem of size n, we obtain the recurrence relation
of the form

o f(n) = a f(n/b) + g(n)

Advanced counting



Binary Search

o Binary search: Explore the feature of the sorted sequence

———
<X <X <X >X

ALGORITHM 5 A Recursive Binary Search Algorithm.

procedure binary search(x, i, j)
— [ L 3 f(n) = a f(n/b) + g(n)
m:.:= |+ 2
e e ] — f(n) = f(n/2) + O(1)
location .= m
else if (x < a,, andi < m) then
binary search(x,i,m — 1)
else if (x > a,, and j > m) then
binary search(x, m + 1, j)
else location := 0

Algorithms and integers



The Recurrence Relation of D&C

/m/l_et f be a non-decreasing function satisfying
f(n)=af(n/b) +c
whenever b|n, where a>1, beZ*, b > 1, and ceR*. Then

[ O(n'%3) ifa>1
f(n)_{ O(lgn) ifa=1

Furthermore, when n =bkand a> 1, keZ*,

f(n) = Cin'*%° + G,

\where C,=cl/(a-1) + f(1) and C, = -c/(a-1).

o Q: Binary search?
o A: O(lg n)
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The Recurrence Relation of D&C

o Proof: We first consider|n = b, Then

k
f(n) = af(i)Jr c

= af(b" ) +c
= a(af(b"?)+c)+c
= 2% f(b* %)+ ac+c

= af(1)+ate+a"2%c+ . +ac+c
k
= af(1)+c) o

i=0

—

When a = 1) we have f(n) = f(1) 4+ ck = f(1) + clog, n. Furthermore, if
b < n < b*tL, we have f(b¥) < f(n) < f(b*T1) and b**1 < nb. Thus,
f(n) < F(b*L) = f(1)+c(k+1) < f(1)+c(1+log, n) = f(1)+c+clog n.
Therefore f(n) = O(lgn) when a =1.

Advaiiteu vuurniuny




The Recurrence Relation of D&C

(Cont'd)
When a > 1 and n = b¥| then nl°8sa — pklogra — 3k \We have
k
—1
fFn) = a*f(1)+c2
() = (1) + et
k C C
— (1 _
? [()Jra—l} a—1

= n'ogb"”(:l + G

For b < n < b |we have

f(n) f(b*)
Clakﬂ + C2
aClak + G

aCqy n'°gs 3 + G

VAN

Hence, f(n) = O(n'°8?),

Advancea countung



f(n):{ O(n'°%63) if 2> 1

Example O(lgn) ifa=1

o Let f(n) = 5f(n/2) + 3. Estimate f(n).

o Sol:
o By the above theorem, we have f(n) = O(n'°%25) = O(n'2®)

o For merge sort algorithm, we have f(n) = 2f(n/2) + ®(n). The
above theorem is not applicable.
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Master Theorem

ﬁ Let f be a non-decreasing function satisfying \
f(n) = a f(n/b) + cnd

whenever n=bk, where b, keZ* with a>1, b>1, and c,deR with

d=>0, c>0. Then

{ O(nd)  ifa< b

f(n)=< O(nlgn) ifa= b9

O(n'°#63) jf 2 > b Y,

o

o Q: merge sort: T(n) =2 T(n/2) + B(n)
o A: T(n) =0(n Ig n)
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Master Theorem

o Leta>1andb >1Dbeconstants, f(n) be a function, and T(n) be
defined on nonnegative integers as

T(n) = aT(n/b) + f(n).
o Then, T(n) can be bounded asymptotically as follows:

1. T(n) = (=9 if f(n) = O(nl®92 ) for some constant
e (.

2. T(n) = ©n/P%2Ign) If f{n) = O(n'°%99).

3. T(n) = ©(f(n)) If f(n) = Qn!°%2T<) for some constant e > 0

and af(n/b) < cf(n) for some constant ¢ < 1 and all sufficiently
large n.

| Intuition: compare f{n) with ©(n!°92).

— Case 1: f{n) is polynomially smaller than ©(x/®%2).
— Case 2: f(n) is asymptotically equal to ©(x»/°92).
— Case 3: f{n) is polynomially larger than ©(»!°%2).

Advanced counting Cormen et al., Introduction to Algorithms, 3" ed., MIT Press, 2009.



Inclusion-Exclusion: Counting for 2 Sets

o |[AuB|=|A|l+|B|-|A N B|

o A class contains
o 25 students majoring in EE
o 13 students majoring in CS
o 8 joint EE and CS majors

o How many students in this class?
o =25+13-8=30 AU B|=|A|+|B|-|ANB|=25+13-8=30

Advanced counting



Example

o How many positive integers not exceeding 1000 are divisible by
7 or 117

|A U B|=|A|+|B|-|A N B|=142+90-12 = 220

|A|=142 AN B|=12 |B|=90
Divisible by 7 Divisible by 11

Advanced counting



Inclusion-Exclusion: Counting for 3 Sets

i

i

]
o

(a) Count of elements by
lal+8]+Ic|

Advanced counting

1%
&

|

.

e

(b) Count of elements by

|A]+|B]+|c|-|An B|-
lAnc|-|BNc]

IRIS H.-R. JIANG

i

(¢c) Count of elements by
|A|+|B|+|c|-|AN B|-
[Anc]-|Bncl+|anBnNCc|



Example

o Q: How many students have taken courses in Spanish, French,
and Russian?

o 1232 students take Spanish
o 879 take French

o 114 take Russian
O

103 take both Spanish
& French

o 23 take both Spanish &
Russian

o 14 take both French &
Russian

o Total 2092 students

ISNFNR|=2? IsNF|=103

|s|=1232

IsnR|=23

R|=114
Advanced counting ISUFUR|=2092



The Principle of Inclusion-Exclusion (1/2)

/{Let Ay A4, ..., A, be finite sets. Then
A UA, U---UA,| =

Z Ail — Z [Ai N Ajl+

0<i<n 0<i<yj<n
E |A;ﬂAjﬂAk|—|—"'
0<i<j<k<n

K+ (=1)""HAg N AL N---NA,

Advanced counting



The Principle of Inclusion-Exclusion (2/2)

o Pf:
We will count the number of times for an element a such that a belongs to

Ai . Ay, ..., Ai. The element is counted (] times by > . |A;|. It is

counted C; times by » ;. |A; N A;j|, and so on. Hence a is counted
C—-CG+C—--+ (1)
times by the right hand side. Now

CG-G+6G -G +---+(-1)'¢ =0.(why?)

We have

G=1=-CG+C —---+(-1)*C.
Since each element belongs to r of Ap, A1, ..., A, we compute each
individually and obtain the result. []
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Example (1/2)

o Find the number of primes no more than 100.
o Sol:
o Observe that forn <100, n# 2, 3, 5, 7 and n is composite if and
only if 2|n, 3|n, 5|n or 7|n. (why?)
o Let M, = {n :i|n}. Then the number of primes is equal to
4+ (99 -(M, UuM;U MU M,).

M| = zﬂ = 50 M, N Ms| = L%J — 10
M| = _120_ — 33 M, N My| = _%_ _7
Ms| = 1500 = 20 MsN Ms| = 1105? —6
Mz = 120 — 14 Ms M, = % — 4
(M N M3 = 120 =16 Ms 0 M;| = % — 9

Advanced counting



Example (2/2)

100 100

_ My MsM;| = |——] =0
My Ms O M| = | =3 Ms My My = |52
100 100
M, Mz Mz = _E_:Z |M2ﬁMgﬁM5ﬂM7| — mJ_
100
MonMsnM;| = |—| =1
2 5 7 5

oM, UMjUuM; UM, =(50+33+20+14)-(16+10+7+6+4
+2)+(383+2+1+0)-0=117-45+6=78

o And the number of primes no more than 100 is
(4 + (99 -78)) =25
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Sieve of Eratosthenes

o This method can be used in the previous example to compute
all primes up to n.
o Define a Boolean array of size n.
o Starting from 2, mark out all multiples of 2.
o Then unmark 3 (a prime) and mark out all multiples of 3.
o Unmark 5 is a prime, ..., and so on.
o Can you implement it? 2 3 4 5 6 7 8 9 1  Primenumbers

1 12 13 14 15 16 117 18 19 20
21 22 23 24 25 26 2T 28 29 30
31 32 33 34 35 36 37 38 39 40
41 42 43 44 45 46 47 48 49 50
51 52 53 54 bH55 &6 &7 58 59 60
61 62 63 64 65 66 67 68 69 TO
M 72 73 74 75 76 77T 78 T9 80
81 82 83 84 85 86 87T 88 89 90
91 92 93 94 95 96 97 98 99 100
101 102 103 104 105 106 107 108 109 110
111 112 113 114 115 116 117 118 119 120

Advanced counting http://en.wikipedia.org/wiki/File:New_Animation_Sieve of Eratosthenes.gif



Recap: Catalan Numbers

o Find the number of ways to parenthesize the product ofn +1
numbers Xy, Xq, ..., X,

0 Sol:

o Let C, denote the # of ways to parenthesize the product of n+1
numbers.

o Clearly, C, = 1.
B Cn = COCn-1+ C:1Cn-2 Tt Cn-lCO
o The sequence {C.}, C.= 2, ,.1C.C, .1, IS called Catalan
numbers.
C,=C,C
C,=C,C,+C,C,q
C;=C,C,+C,C; + C.,C,
C,=C,C;+C,C, + C,C, + C3C,

Cn = CoChat CiCp+...+ C 1 G
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Extended Binomial Theorem

Let x be areal number with |x|<1 and let u be a real number. \
Then

u
(1+X)u = ZkZO..oo [k]xk1
where K |1S the extended binomial coefficient, u is a real
number, and k is a nonnegative integer,

(U :{u(u-l)...(u-k+1)/k! if k>0

\ k) L1 ifk =0 /

Advanced counting



Generating Functions

o The generating function for the sequence a,, a,, ..., a,, ... of real
numbers is the infinite series

GX)=ay+ax+..+axk+... =% _,  axk

Advanced counting



Solving Catalan Numbers (1/2)

o Define a function G(x) that contains all of the Catalan numbers:
G(X)=Cy+Cx+ ... =%, ., CXK
o Multiply G(x) by itself to obtain G(x)?
G(x)> =C,Cy + (C,C, + C,C)x + (C,Cy + C,C, + C,C,)X* + ...
o The coefficients for the powers of x are the same as those for the
Catalan numbers:
G(X)? =C; +Cx+Cx? + ...
o Multiply it by x and add C,, we obtain
XG(X)? + Cy = G(X) = XG(X)?- G(X) + Cy =xG(x)?- G(x) + 1 = 0.
o Hence, we have G(x) = (1 — (1 — 4x)12)/(2x)
We know that G(0) = C, = 1, if we take “+”, as x > 0, G(X) > «©

1 —/1—4dx 2 C,=C,C
G(x) = -~ | C,=C,C,+C,C,
2 b+vl=de 1ci=cC+CC + GG,

C, = C,C;+ C,C, + C,C, + C,C,

Advanced counting Cn = COCn-1+ C1Cn_2 ot Cn-1C0




Solving Catalan Numbers (2/2)

o = 1—yi—4z 9
(x) = 2 T 1+ Vi-4dz

o G(x) has a power series at 0 and its coefficients must therefore
be the Catalan numbers.

o To expand G(x), we use the binomial formula on (1 — 4x)/2

NETESS (H)y =1 —QZ (2” ) (_Tl)ﬂ r

= n—1 1

o Sety = —-4x and substitute this power series into the expression
for G(x) and shift the summation index n by 1, we simplify the
expansion to

Iﬂ-

21
G(x) = Z( )n—l—ll

1 2
o Hence, C, = —( ”)
n+1\n

Advanced counting
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