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Outline

 Content
 Graphs and graph models
 Graph terminology and special types of graphs
 Representing graphs and graph isomorphism
 Connectivity
 Shortest-path problems
 Euler and Hamilton paths
 Planar graphs
 Graph coloring

 Reading
 Chapter 9

Graphs

2

Most of the following slides are by courtesy of 
Prof. J.-D. Huang and Prof. H.-C. Yen



IRIS H.-R. JIANG

Graphs

 Define a graph G = (V, E) where V is a nonempty set of vertices
(or nodes) and E a set of edges. Each edge has one or two 
vertices associated with it, called its endpoints. An edge 
connects its endpoints.
 If the set of vertices V is infinite, we say G is an infinite graph; 

otherwise, G is a finite graph.

 An edge can represent some binary relation!
 Edges can be directed or undirected
 Directed: asymmetric
 Undirected: symmetric

Graphs
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Simple Graphs

 A simple graph is a graph where each edge connects two 
different vertices and no two edges connect the same pair of 
vertices.
 No loop
 Any pair of vertices have no more than one edge

Graphs
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Multigraphs

 Edges connect the same vertices are called multiple (or 
parallel) edges.

 A multigraph is a graph which may have multiple edges. When 
there are m different edges connecting the same pair of 
vertices, we also say there is an edge of multiplicity m.

Graphs
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Pseudographs

 A loop is an edge connecting a vertex.
 A pseudograph is a graph which may have loops and multiple

edges.

Graphs
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Directed Graphs

 A directed graph (or digraph) G = (V, E) consists of a nonempty 
set of vertices V and a set of directed edges (or arcs) E. Each 
directed edge starts at a vertex and ends at a vertex.

 A directed graph with no loops nor multiple directed edges is 
called a simple directed graph.

 A directed graph that may have multiple directed edges is called 
a directed multigraph.

Graphs
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Graph Terminologies

 Comparison
 Keep in mind this terminology is not fully standardized

 Graphs are used in many models. Once we have modeled our 
problems as graphs, many graph algorithms can help us solve 
these problems.

Graphs
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Adjacency and Degree (Undirected Graphs)

 Let G = (V, E) be an undirected graph and u, v ∈ V. We say u
and v are adjacent (or neighbors) in G if {u, v} ∈ E.

 If e = {u, v}, we say e is incident with the vertices u and v. The 
edge e is also said to connect u and v.

 The vertices u and v are the endpoints of the edge {u, v}.

 The degree of a vertex in an undirected graph is the number of 
edges incident with it, except that a loop at a vertex contributes 
twice.

 The degree of the vertex v is denoted by deg(v).
 A vertex of degree zero is called isolated. A vertex of degree 

one is called pendant.

Graphs
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Handshaking Theorem (1/2)

 (The Handshaking Theorem) Let G = (V, E) be an undirected 
graph. Then

 Proof by induction on the number of edges |E|.

 Degree Property: An undirected graph has an even number of 
vertices of odd degree
 Why?

Graphs
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Handshaking Theorem (2/2)

 Pf:

Graphs
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Adjacency and Degree (Directed Graphs)

 Let G = (V, E) be a directed graph and (u, v) ∈ E. We say that u
is adjacent to v and v is adjacent from u. The vertex u is the 
initial vertex of (u, v), and v is the terminal or end vertex of (u, 
v).

 Let G = (V, E) be a directed graph and v ∈ V.
The in-degree of v, deg-(v), is the number of edges with v as 
terminal vertex.
The out-degree of v, deg+(v), is the number of edges with v as 
initial vertex.

 Theorem: Let G = (V, E) be a directed graph. Then

Graphs
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Proof of Degree Property

 Pf:

Graphs
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Complete Graphs

 Let Kn = (V, E) be a graph with
|V|= n and
E = {{u, v} : u, v ∈ V, u≠v }.
We say Kn is the complete graph on n vertices.

Graphs

14



IRIS H.-R. JIANG

Cycles

 Let Cn = (V, E) be a graph with n≥2,
V = {v0, v1, …, vn-1} and
E = {{vi, vi+1 mod n} : 0  ≤ i < n}. We say Cn is the cycle of size n.
 n edges: {v0, v1}, {v1, v2}, …, {vn-2, vn-1} and {vn-1, v0}

Graphs

15



IRIS H.-R. JIANG

Wheels

 The wheel Wn is obtained by adding an extra vertex to the cycle 
Cn, n ≥ 3, and connect this new vertex to each of the n vertices 
in Cn by new edges

Graphs
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Cubes (Hypercubes)

 Let Qn = (V, E) be a graph with
V = {v0, v1, …, v2n-1} and
E = {{vi, vj} : 0  ≤ i, j < 2n, (i)2 differs from (j)2 by one position }.
We say Qn is the n-cube.

Graphs
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Bipartite Graphs

 Let G = (V, E) be a graph with
V = V0 ∪V1 and V0 ∩ V1 = ∅ such that
E ⊆ {{v0, v1} : v0 ∈ V0, v1 ∈ V1}.
Then we say G is bipartite.

Graphs
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Bipartite Graphs

 Let G = (V, E) be a graph with
V = V0 ∪V1 and V0 ∩ V1 = ∅ such that
E ⊆ {{v0, v1} : v0 ∈ V0, v1 ∈ V1}.
Then we say G is bipartite.
 E.g., C4,C6 are bipartite but C3,C5 are not.

Graphs
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Complete Bipartite Graphs

 Let Km,n = (V, E) be a bipartite graph with
V = V0 ∪V1 and V0 ∩ V1 = ∅, and |V0| = m, |V1| = n.
Furthermore, E = {{v0, v1} : v0 ∈ V0, v1 ∈ V1}.
We say Km,n is the complete bipartite graph.

Graphs
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Special Types of Graphs

Graphs
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Interconnection Networks

Graphs
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Subgraphs

 Let G = (V, E) be a graph. If H = (W, F) with W ⊆V and F ⊆ E is a 
graph, then we say H is a subgraph of G.
 E.g., K3 is a subgraph of K4. C4 is a subgraph of Q3.

Graphs
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Union of Graphs

 Let G0 = (V0, E0) and G1 = (V1, E1) be graphs.
Define the union G0 ∪ G1 = (V, E) of G0 and G1 with
V = V0 ∪V1 and E = E0 ∪E1.

Graphs
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Adjacency Lists for Simple Graphs

 Adjacency list: We can represent a graph by a list of adjacent 
vertices for each vertex.

Graphs
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Adjacency Lists for Directed Graphs

Graphs
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

















0212
2110
1103
2030

Still symmetric



















0001
0011
0101
1110

Adjacency Matrices

 Simple graph

 Pseudograph
 Easily specify multiplicity

Graphs
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Incidence Matrices

Graphs
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Isomorphism

 Let G0 = (V0, E0) and G1 = (V1, E1) be graphs. We say G0 and G1
are isomorphic if there exists a bijection f : V0  → V1 such that 
{u, v} ∈ E0 iff {f(u), f(v)} ∈ E1

 f is the “renaming” function that makes the two graphs 
identical

 Isomorphism of simple graphs is an equivalence relation

Graphs
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Examples

 Isomorphic or not?

Graphs
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Isomorphism Check 

 Given two graphs G0 and G1 (in some representation), 
determine whether G0 is isomorphic to G1 is called the graph 
isomorphism problem. So far, we do not know if the problem is 
tractable.

 It is difficult to check if 2 graphs are isomorphic
 n! possible bijective functions

 Some simple invariants if 2 graphs are isomorphic
 same number of vertices
 same number of edges
 the degrees of vertices must be the same

Graphs
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Example

 If isomorphic, label the 2nd graph to show the isomorphism, 
else identify difference

Graphs
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Paths

 Let G = (V, E) be a simple graph. A path of length n from v0 to vn
is a sequence of n edges

({v0, v1}, {v1, v2}, …, {vn-1, vn})
where {vi, vi+1} ∈ E for 0 ≤ i < n.
We denote the path by v0, v1, …, vn.
 The path is a circuit (cycle) if v0 = vn and n > 0.
 A path is simple if it does not contain the same vertex more than 

once.
 An undirected graph is called connected if there is a path

between every pair of distinct vertices.

 Our definition is a special case of the one in the textbook 
because we do not consider multigraphs. However, it should be 
straightforward to extend the definition to multigraphs. We can 
also generalize the definition to directed graphs.

Graphs
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Examples

 a, d, c, f, e is a simple path of length 4
 d, e, c, a is NOT a path

 {e, c} is not an edge
 b, c, f, e, b is a circuit of length 4
 a, b, e, d, a, b is a path of length 5

 However, it is NOT a simple path

Graphs
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Connectivity

 Theorem: There is a simple path between every pair of distinct 
vertices of a connected undirected graph.

 Pf:

Graphs
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Connected Components

 If a undirected graph is not connected, it is the union of several 
disjoint connected subgraphs. We call such connected 
subgraph the connected components of the graph.

Graphs

36



IRIS H.-R. JIANG

Connectivity in Directed Graphs

 A directed graph is weakly connected if there is a path between 
every 2 distinct vertices in the underlying undirected graph

 A directed graph is strongly connected if there is a path from a
to b and another path from b to a whenever a and b are 2 
distinct vertices
 Mutually connected
 The underlying undirected graph for a directed graph is defined 

by removing the direction of edges. Let G = (V, E) be a directed 
graph. Define its underlying undirected graph G’ = (V, E’) where 
(v, u) or (u, v) ∈ E if and only if {u, v} ∈ E’

Graphs
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Strongly Connected Components

 The maximal strongly connected subgraphs are called the 
strongly connected components

Graphs
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Counting Paths between Vertices

 Theorem: Let G be a graph with adjacency matrix A. The 
number of different paths of length r from vi to vj equals (i, j)-th
entry of Ar

 Pf:

Graphs
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Example

 E.g.,

 Think about the connectivity
 Think about the transitivity

Graphs
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
















=

0110
1001
1001
0110

A



















=

8008
0880
0880
8008

4A
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Weighted Graphs

 Graphs that have a number assigned to each edge are called 
weighted graphs

Graphs
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Shortest-Path Problem

 What is the length of the shortest path between
vertex a and z?
 (a,d) = 2, (a,b) = 4 ⇒ d
 (a,b) = 4, (a,d,e) = 5 ⇒ b
 (a,d,e) = 5, (a,b,e) = 7, (a,b,c) = 7 ⇒ e
 (a,d,e,z) = 6, (a,b,c) = 7 ⇒ z
 (a,b,c) = 7, (a,d,e,z,c) = 8 ⇒ c

Graphs
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Dijkstra’s Shortest-Path Algorithm

Graphs
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Example (1/2)

Graphs
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Example (2/2)

Graphs
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Summary of Dijkstra’s Algorithm

 It can find the length of a shortest path in a connected simple 
undirected weighted graph
 Single-source all-destination
 the edge weight MUST be nonnegative

 Its time complexity is O(n2)

Graphs
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Salute to Euler!

 One of the most fundamental and expressive of combinatorial 
structures is the graph.
 Invented by L. Euler based on his proof on the Königsberg bridge 

problem (the seven bridge problem) in 1736.
 Is it possible to walk across all the bridges exactly once and 

return to the starting land area?
 Abstraction!

Graphs
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Euler and Hamilton Circuits/Paths

 Is it possible to travel alone the edges of a graph starting at a 
vertex and returning to it by traversing each edge exactly 
once?
 Euler circuit

 Is it possible to travel alone the edges of a graph starting at a 
vertex and returning to it by traversing each vertex exactly 
once?
 Hamilton circuit

Graphs
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Euler Circuits and Paths (1/2)

 An Euler circuit in a graph G is a simple circuit (cycle) 
containing every edge of G

 An Euler path in a graph G is a simple path containing every 
edge of G

Graphs

49



IRIS H.-R. JIANG

Euler Circuits and Paths (2/2)

 Theorem: A connected mulltigraph (or graph) has an Euler 
circuit iff each of its vertices has even degree
A connected mulltigraph (or graph) has an Euler path but not 
an Euler circuit iff it has exactly 2 vertices of odd degree

Graphs
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Hamilton Paths and Circuits

 Hamilton path
 a path x0, x1, …, xn-1, xn in the graph G = (V, E) is called a 

Hamilton path if V = {x0, x1, …, xn} and xi ≠ xj for
0 ≤ i < j ≤ n

 Hamilton circuit
 a circuit x0, x1, …, xn-1, xn, x0 is a Hamilton circuit if

x0, x1, …, xn-1, xn is a Hamilton path

Graphs
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Hamilton’s “A Voyage Round the World”

 Invented in 1857

Graphs
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IS there a Hamilton Circuit?

 There are no known simple necessary and sufficient criteria 
 However,

 some theorems can provide sufficient conditions
 some properties can show there is no Hamilton circuit in a graph
 a graph with a vertex of degree 1

Graphs

53



IRIS H.-R. JIANG

Gray Codes

 For 3-bit codes (8 different combinations)
 binary code (000, 001, 010, 011, 100, 101, 110, 111)
 the largest hamming distance between 2 adjacent codes is 3 

(011->100)
 gray code (000, 001, 011, 010, 110, 111, 101 100)
 the hamming distance between any 2 adjacent codes is always 

1
 n-bit Gray code 

finding a Hamilton circuit in Qn

Graphs
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Planar Graphs

 A graph is called planar
if it can be drawn in a plan 
without any edges crossing

 Caution!
Not what you think at the first sight!

Graphs
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Planarity of Graph

 Is K3,3 Planar?

Graphs
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Euler’s Formula

 Euler showed that all planar representation of a graph split the 
plane into the same number of regions

 Let G be a connected planar simple graph with e edges and v 
vertices. Let r be the number of regions in a planar 
representation of G. Then,
r = e-v+2
 use math induction

Graphs
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Graph Coloring (1/2)

 What is graph coloring?

 Dual graphs

Graphs
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Graph Coloring (2/2)

 A coloring of a simple graph is the assignment of a color to 
each vertex so that no 2 adjacent vertices are assigned the 
same color

 The chromatic number of a graph is the least number of colors 
needed for a coloring

 The Four Color Theorem
 the chromatic number of a planar graph is ≤ 4

Graphs
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Chromatic Numbers for Kn and Km,n

 The chromatic number of Kn is n
 The chromatic number of km,n is 2

Graphs

60



IRIS H.-R. JIANG

Chromatic Numbers for Cn

 The chromatic number of Cn is
 2 if n is even
 3 if n is odd

 However, it’s hard to find the chromatic number for an arbitrary 
graph

Graphs
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Applications of Graph Colorings

 Scheduling final exams

Graphs
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Existence of Euler Circuits (1/2)

 Theorem: A connected multigraph has an Euler circuit if and 
only if each of its vertices has even degree.

 Pf:

Graphs
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Existence of Euler Circuits (2/2)

 Pf:

Graphs
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Existence of Euler Paths

 A connected multigraph has an Euler path but not an Euler 
circuit if and only if it has exactly two vertices of odd degree.

 Pf:
 ⇒
 Similar to the previous Theorem, we observe that all but the 

starting and ending vertices on the path have even degree.
 Since the graph is connected, the result follows.
 ⇐
 Let the vertices with odd degree be u and v.
 Consider G’ = (V, E∪ {{u, v}}). Then all vertices in G’ have even 

degree.
 Applying the previous Theorem, we have an Euler circuit passing 

the edge {u, v}.
 An Euler path in the original graph is found by removing the 

edge.
Graphs
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Euler's Formula (1/2)

 Let G = (V, E) be a connected planar graph. Then there are |E| -
|V| + 2 regions.

 Pf:

Graphs
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Euler's Formula (2/2)

 Pf:

Graphs
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