Unit 2: Logic Synthesis and Verification

e Course contents
— Logic synthesis basics
— Logic optimization

— Technology mapping

_ Verification

System specification

\4

Frontend design

High-level synthesis

!

Logic synthesis

v

Backend design

Physical design

A 4

Fabrication
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Design of Integrated Systems

System Level

U

Register Transfer Level

Gate Level

U

Transistor Level

U

Layout Level

U

Mask Level
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System Level

e Abstract algorithmic description of high-level behavior
— e.g. C-Programming language

Port*™

compute optimal route for packet (Packet t *packet,
Channel t *channel)

{

static Queue t *packet queue;

packet queue = add packet (packet queue, packet);

}

— Abstract because it does not contain any implementation
details for timing or data

— Efficient to get a compact execution model as first design draft

— Difficult to maintain throughout project because no link to
implementation

by courtesy of A. Kuehlmann
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RTL Level

e Cycle accurate model “close” to the hardware
iImplementation

— Bit-vector data types and operations as abstraction from bit-
level implementation

— Sequential constructs (e.qg. if - then - else, while loops) to
support modeling of complex control flow

module markl;

reg [31:0] m[0:8192];
reg [12:0] pc;

reg [31:0] acc;
reg[15:0] ir;

always
begin
ir = ml[pc];
if(ir[15:13] == 3b’000)
pc = m[ir[12:0]1];
else if (ir[15:13] == 3’b010)
acc = —-m[ir[12:0]1];
end
by courtesy of A. Kuehlmann endmodule
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Gate Level

¢ Model on finite-state machine level
— Models function in Boolean logic using registers and gates
— Various delay models for gates and wires

(e, @

@1 ns

@3”3

@4%

H

}
}

o

— In this lecture we will mostly deal with gate level

by courtesy of A. Kuehlmann
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ASIC Design Flow

¢ Incomplete picture:

Logic Synthesis Informal Specification
RTL Spec <— Simulation
l F I
. orma
Gate Level Netlist Equivalence
@ Checking
Modifies Gate Level Netlist Y Static Timing Analysis
Manu_al (_Zh_anges @ Test Logic Insertion
to fix timing ASIC Foundry

Unit 10
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What is Logic Synthesis?

Given: Finite-State Machine F(X,Y,Z, A, O) where:

Y X

. Input alphabet

Y: Output alphabet

Z. Set of internal states

A: XxZ—Y (output function)
O: XxZ — Z (next state function)

1 These are Boolean Functions!!

Target: Circuit C(G, W) where:

S ° G: setof circuit components g € {Boolean gates,
Ii flip-flops, etc}
W: set of wires connecting G

!
by courtesy of A. Kuehlmann so-called Netlist!
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Boolean Functions

e 5={0,1}, Y={0,1,D}
¢ A Boolean function . B™ — Y"
— F=X; Xy + Xq X3+ X5 X3+ Xy Xp + Xp X3+ Xq X3
* |Input variables: x4, X,, ..., X,
e The value of the output partitions B™ into three sets
— the on-set (1)
— the off-set (0)
— the don'’t-care set (D)

— fis an incompletely specified function if the don’t care set is
nonempty. Otherwise, fis a completely specified function.

Courtesy of Prof. H.-R. Jiang



Minterms and Cubes

¢ A literal is a Boolean variable x or its negation x' (or X,
—X) in a Boolean formula

e A minterm is a product of all input variables or their
negations.
— A minterm corresponds to a single point in B™

e A cube is a product of the input variables or their
negations (product of literals).

— The fewer the number of variables in the product, the bigger
the space covered by the cube.

RRAniin

1x2x3 X143
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Implicant and Cover

e An implicant is a cube whose minterms are either in the
on-set or the dc-set.

e A prime implicant is an implicant that is not included in
any other implicant.

e A set of prime implicants that together cover all minterms
In the on-set (and some or all minterms of the dc-set) is
called a prime cover.

— A prime cover is irredundant when none of its prime implicants
can be removed from the cover.

— Anirredundant prime cover is minimal when the cover has the
minimal number of prime implicants.

Courtesy of Prof. H.-R. Jiang 10



Cover Examples

® =X, X3+ X, X3+ X1 X,

® f=X; X+ Xy X3+ X; X3

The on-set
e P

vl

Courtesy of Prof. H.-R. Jiang
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Optimality of Covers

A local and a global minimum

Courtesy of Prof. H.-R. Jiang
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Representation of Boolean Functions

e Some common representations:
— Truth table
— SOP: sum-of-products, a.k.a. DNF (disjunctive normal form)
— POS: product-of-sums, a.k.a. CNF (conjunctive normal form)
— BDD: binary decision diagram
— Boolean network
= Network of PLAs

= Network of nodes with complex Boolean functions
= And-Inv Graph (AIG)

Unit 10
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Truth Table

e The truth table (function table) of a functionf: B” —> B
IS a tabulation of its value at each of the 2" vertices of

B".
abcd £ abcd £
— l.e., the truth table lists all mintems ¢ o000 0o 8 1000 0
_eg., 1 0001 1 9 1001 1
2 0010 O 10 1010 ©
f=a'b’'c’'d+ a’b’'cd + a’bc'd + 3 0011 1 11 1011 1
ab’'c’d + ab’cd + abc'd + 4 0100 O 12 1100 O
5 0101 1 13 1101 1
abcd’ + abcd 6 0110 O 14 1110 1
7 0111 0 15 1111 1

e The truth table representation is
— Intractable for large n

— Canonical

= A canonical form of a Boolean function is a unique representation
of the function

by C%Lrjnr,;tei%y of A. Kuehlmann
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SOP

¢ A function can be represented by a sum of products (or
sum of cubes, disjunctive normal form):
— f=ab+ac+bc

e Since each cube is a product of literals, this is a sum of
products (SOP) representation

e A SOP can be thought of as a set of cubes F
— F ={ab, ac, bc}

e A set of cubes that represents f is called a cover of f
— F,={ab, ac, bc} and F,={abc, abc’, ab’c, a’bc}
are covers of f=ab + ac + bc.

by C%Lrjnr,;tei%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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POS

¢ Dual to SOP representation, a function can be
represented by a product of sums (or conjunctive
normal form):
— f=(a+b’+c) (a'+b+c) (a+b’+C’) (a+b+cC)

e A Boolean function in a POS representation can be
derived from an SOP representation with De Morgan’s
law and the distributive law

Unit 10
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Binary Decision Diagram (BDD)

e Graph representation of a Boolean function f
— Vertices represent decision nodes for variables f = ab+a’c+a’bd
— Two children represent the two subfunctions
» f(x =0)and f(x = 1) (cofactors) I
— Restrictions on ordering and reduction rules can root
make a BDD representation canonical

. Reduced Ordered BDD (ROBDD) \
c+bd '

node ( 5

by C%Lrjur,;t%y of A. Kuehlmann

17
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Boolean Network

e A Boolean circuit is a directed graph C(G,N) where G
are the gates and N are the directed edges (nets)
connecting the gates.

e Some of the vertices are designated:
Inputs: | G
Outputs: Oc G, InO0=9

e Each gate g is assigned a Boolean function f; which
computes the output of the gate in terms of its inputs.

by C%Lrjnr,;tei%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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Boolean Network (cont’d)

e The fanin FI(g) of a gate g are all predecessor vertices
of g:
— Fl(@)={g'|(g'.9) € N}

¢ The fanout FO(g) of a gate g are all successor vertices
of g:
— FO(g) ={9'[(9.9') € N}

e The cone CONE(g) of a gate g is the transitive fanin of
g and g itself.

¢ The support SUPPORT(g) of a gate g are all inputs in
its cone:
_ SUPPORT(g) = CONE(g) M |

by C%Lrjnr,;tei%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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Example Boolean Network

FI(6) = {2,4)
FO(6) = {7,9}

CONE(6) = {1,2,4,6}
SUPPORT(6) = {1,2}

by C%HIrEt%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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And/Inverter Graph (AlIG)

e Base data structure uses two-input AND function for
vertices and INVERTER attributes at the edges
(individual bit)

— Use De’Morgan’s law to convert OR operation etc.
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by C%Lrjnr,;t%y of A. Kuehlmann
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Canonical Forms

e A canonical form of a Boolean function is a unique
representation of the function.

— It can be used for verification purposes.
e The truth table or the sum of minterms are canonical

forms
— They grow exponentially with the number of input variables.

¢ An irredundant prime cover is not a canonical form.

¢ Reduced ordered binary decision diagram (ROBDD):
a canonical form that is interesting from a practical point
of view.

Unit 10
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Comparisons of Different Representations

e Truth table

— Canonical
— Useful in representing small functions

e SOP

— Useful in two-level logic optimization

e POS

— Useful in SAT solving and Boolean reasoning

e ROBDD

— Canonical
— Useful in formal verification and Boolean reasoning

e Boolean network
— Useful in multi-level logic optimization

Unit 10
Courtesy of Prof. H.-R. Jiang
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Combinational Optimization

Boolean Functions
\

Technology Independent Optimization

Two-Level Netlist

Two-Level Optimization ulti-Level Netlists

Minimized Two-Level Netlists \

Multi-Level Optimization

Minimized Multi-Level Netlists

N
Technology Mapping

\

Circuits

by Sr(‘)igritgsy of J.-H. Jiang
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Two-Level Logic Minimization

¢ Any Boolean function can be realized using PLAs in
two Ievels AND-OR (SOP), NAND NAND, etc.

_________________________________________
by

a a b c c I
i T i T Y I || 2bc  Ei5f
i ! 10— 1 - -
o i ST R
—— — 1i0o-0 -1 -
&L L L TR
! ¥ g 00— - -
: - _— :i_ l !
AND-plane M OR-plane

fl f2 f3
e Classic problem solved by the Quine-McClusky
algorithm [19506].
— Basic idea: Boolean law x + x" = 1
— Cost function: #cubes and #literals in an SOP expression
= #cubes: #rows in PLAs
« #literals: #transistors in PLAs
unit10 _ Qbijective: to find a minimum irredundant prime cover

Courtesy of Prof. H.-R. Jiang 25



Two-Level Logic Minimization

e Exact algorithm
— The Quine-McClusky algorithm

¢ Heuristic algorithm
— Espresso

Unit 10
Courtesy of Prof. H.-R. Jiang

26



The Quine-McClusky Algorithm (Exact)

e Given G and D (covers for 3= (f,d,r) and d, respectively),
find a minimum cover G* of primes where:
fc G* ¢ f+d
— G*: prime cover of 3
— f: onset, d: don’t-care set, r: offset

e Q-M Procedure

1. Generate all the primes of 3, {P;} (i.e., primes of (f+d)=G+D)
2. Find a minimum cover:

2.1 Generate all the minterms {m} of f+d
2.2 Build the covering matrix B where
B, =1if meP,
= 0 otherwise
2.3 Solve the minimum(-cost) column covering problem for B

by C%Lrjnr,;t%y of A. Kuehlmann
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Example: The Quine-McClusky Algorithm

* F(a,b,c,d)=2.2,3,7,9, 11,13) + 2,1, 10, 15)

e Calculate all prime implicants (of the union of the on-
set and dc-set) by grouping minterms using xy + xy ' = x

¢ Find the minimum cover of all minterms in the on-set by
prime implicants.
— Construct the covering matrix

— Simplify the covering matrix by detecting essential columns,
row and column dominance.

— What is left is the cyclic core of the covering matrix — solved
by a branch-and-bound algorithm

Step 1-1 Step 1-2 Step 1-3 Step 2
1 0001 v (1,3) 00-1v (1,3,9,11) —0-1 primeimp. |2 3 7 9 11 13
2 Qoo v (1,9 —001v (2,3,10,11) —01—
3 0011 Vv (2,3) 001-v (3,7, 11, 15) —I11 (1,3,9, 11 X j
9 1001 v (2,10) 010 v 9,11, 13, 15 1—1 *(2,3,10, 11)
10 1010v (3,7 0-11v #(3,7. 11, 15) ey
7 o1l v (3,11) 011 v *9 11,13,15y ' T Iy
11 1011V 9,11) 10-1 v i
13 1101 v 9,13) 1-01v * essential prime implicant
15 1111 ¥ (10,11) 101— v F=bc+cd+ad
(7, 15) —111v
Unit 10 (11,15) 1-11 v

(13,15) 11-1 v

Courtesy of Prof. H.-R. Jiang 28



Example: Simplification Rules in Covering

Ki K, Ks

Ky Ky Ky K4 Ks K1 Ko K4 Ks K Ky Ky Ks sti[1 0 17
ss[1L 0 0 1 1] gr1 o 1 17 st[Ll oot
|11 0 0 o [T 1 o off ==Y P |% O <io 1 1
ss | 1L 1 0 1 0 i1 1 1 of S| % vt W ol o 1]
sflo_ o 1 o of ol o 1 1 1| wLl oo 1l
ss| 0 1 0 1 1| |1 0o 0 1|
s 1 0 1 1 0 _ Ks do tes K,
ssL1 0 0 0 1_ S, dominates s,

K, is essential
Unit 10
29
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Example: Cyclic Prime Implicant Chart

F =%m(0,1,2,5,6,7)

Derivation of Prime Implicants

Unit 10

0,1
0,2
1,5
2,6
5,7
6,7

00--
0--0
--01
--10
1--1
11--

4 vy
O 1 2 5 6 7
® — (0,1) a'b’
(0,2) a'c | X X
(1,5) b’ X X
@ — (2,6) bc
@ — (5,7) ac
(6,7) ab X X
b |
O 1 2 5 6 7
(0,1) ab’| X X
® — (0,2) ac ‘ ‘
@ — (1,5) b'c ® O
(2,6) bc X X
(5,7) ac X X
@ — (6,7) ab Q'

Courtesy of Prof. H.-R. Jiang



Difficulty of Q-M

e ~ 2" minterms, ~ 3"//,, primes primes

minterms

< 3n/\/; >

A

2n

v

e Thus O(2") rows and O(3"4/») columns in covering
matrix AND minimum covering problem is NP-complete.

e Q-M is exact but intractable

by C?JlrJ"rEt%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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From Exact to Heuristic

e Exact: Q-M
1. Generate cover of all primes
2. Make G* irredundant (in optimum way)

e Heuristic: Espresso
1. Generate (somehow) a cover of 3 using some of the primes
2. Make G* irredundant (maybe not optimally)
5.  Keep best result — try again (i.e. goto 1)

by C%Lrjur,;t%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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ESPRESSO

e REDUCE

— Reduce size of each implicant while preserving cover

o EXPAND

— Make implicants prime
— Remove covered implicants

e IRREDUNDANT_COVER

_ Make cover irredundant

e Repeat REDUCE / EXPAND /
IRREDUNDANT COVER to find alternative covers

Unit 10
Courtesy of Prof. H.-R. Jiang
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ESPRESSO Illlustrated

local minimum
by c%lrj‘lrét%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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Multi-Level Logic Minimization

¢ Basic techniques in Boolean network manipulation:

— Structural operations/transformations (change topology)
= Algebraic
= Algorithmic and rule-based

— Node simplification/Boolean methods (change node functions)
= Don’t cares
= Node minimization

(two-level logic minimization!)

® |n commercial use for years: Synopsys, MIS

f 1
&
tl=a+b c; logic ek o d
2=d+e optimization 5 _ 5 . 3" " E
= 21 fe: "G=anie
(5=t4 h+12 13; =t +fgh
F=15;

subject graph for the optimized equations
Unit 10

Courtesy of Prof. H.-R. Jiang
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Multi-Level Circuits Implementation: Standard Cells

n!

_!.'_

Feedthrouszh Cell

by Sl%gﬁtgsy of J.-H. Jiang

37
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Structural Operations

e Decomposition (single function)
— f=abc+abd+a’c’d’+b’c’d’
— f=xy+xy’ x=ab y=c+d
e Extraction (multiple functions)
— f=(az+bz’)cd+e g =(az+bz’)e’ h =cde
— f=xy+te g=xe’ h=ye x=az+tbz’ y=cd
e Factoring (series-parallel decomposition)
— f=ac+ad+bc+bd+e
— f=(atb)(ctd)+e
e Substitution
— g=atb f=atbc
— f=g(atc)
e Collapsing (also called elimination)
— f=ga+gb g=c+d
— f=ac+ad+bcd’ g =c+d
e Note: “division” plays a key role in all of these (algebraic models)

by Sr(])iglitgsy of J.-H. Jiang

Courtesy of Prof. H.-R. Jiang
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Node Simplification

e Goal: For any node of a given Boolean network, find a
least-cost sum-of-products expression among the
implementable functions at the node
— Don’t care computation + two-level logic minimization

Combinational Boolean network

by Sl%gritgsy of J.-H. Jiang

Courtesy of Prof. H.-R. Jiang
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Two-Level (PLA) vs. Multi-Level

PLA
G OB E.g. Standard Cell Layout
é é H é: AAAAA
-- ]
(L 1T TIE 1T TTT 111
 ——— l 1 |
S— T — LIt TPl TPrrE 1
= I 1 | 1 l
Lot rrr r rrfrfif
— T T |
PLA Multi-level Logic
control logic all logic
constrained layout general (e.g. standard cell, regular blocks,..)
highly automatic automatic
technology independent partially technology independent
multi-valued logic some ideas
input, output, state encoding part of multi-level logic
Very predictable Very hard to predict

by coutegy of A. Kuehimann
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Combinational Optimization Revisited

Boolean Functions
\

Technology Independent Optimization

Two-Level Netlist

Two-Level Optimization ulti-Level Netlists

Minimized Two-Level Netlists \

Multi-Level Optimization

Minimized Multi-Level Netlists

N
Technology Mapping

l

Circuits

by Sr(‘)igritgsy of J.-H. Jiang
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Example: Technology Independent Optimization

¢ An unoptimized set of logic ¢ After technology independent
equations consists of 17 optimization, these equations
literals are optimized using only 13
t, =a+ bc; literals
t,=d +e; t,=d+e;
t, = ab + c; t=b+h;
t, = tt, + fg: ‘ t, = at,+ C:
ts = t4h + tHts; t, =tty+ fgh; F
F=1t; / F F=1; /
t,
t;’ 0
r___j
. I t,h+ ot tits * fgh |
t,t, +fg 0 W at, +c
t— ?—\

a+bc d+e ab+c d+e b+h
by coutegy of A. Kuehimann
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Technology Mapping/Library Binding

¢ I[mplement the optimized network using a set of gates
which form a library. Each gate has a cost (i.e. its area,
delay, power, etc.)
— Algorithmic approaches: DAGON, MISII

e Represent each function of a network using a set of
base functions. This representation is called the
subject graph.
— Typically the base is 2-input NANDs and inverters [MISII].

e Each gate of the library is likewise represented using
the base set. This generates pattern graphs
— Represent each gate in all possible ways

e Technology Mapping: The optimization problem of
finding a minimum cost covering of the subject graph by
choosing from the collection of pattern graphs for all
gates in the library.

by coutegy of A. Kuehimann
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Subject Graph

e The optimized network: e Subject graph of 2-input NANDs
t,=d+e; and inverters:
t,=b+h;
t, = at, + c;
t, = t,t; + fgh;
F=1t;
f

Saat

Y =)

P
=

I at, +c b
| a

d+e b+h
C

by coditagy of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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Pattern Graphs for the IWLS Library

l Inv (1) :.fandZ (2) w&

nor3 (3)
M
i a0i21 (3) j__.»_;ii@)

xor (5) ﬁ 0ai22 (4)

=

v

by coutegy of A. Kuehimann

Courtesy of Prof. H.-R. Jiang
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Trivial Covering

t,=d+e;
t,=b +h;
t, = at, + c;
t, = t,t; + fgh;
F=t,;

Total cost = 23

by coutegy of A. Kuehimann
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Best Covering

t,=d+e;
t,=b +h;
t; = at, + c;
t, = t,t; + fgh;
F=t,;

Total cost =15

by coutegy of A. Kuehimann

7 ) ’ nand3(3)
\

-

oai21(

&L
-

Courtesy of Prof. H.-R. Jiang

and2(3)

RN

nand2(2)
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Optimal Tree Covering by Dynamic Programming

e |f the subject DAG and primitive DAG's are trees, then
an efficient algorithm to find the best cover exists
— Based on dynamic programming: optimal substructure?
overlapping subproblems?
¢ Given
— Subject trees (networks to be mapped)
— Library cells

e Consider a node N of a subject tree:

— Recursive Assumption: for all children of N, a best cost match
(which implements the node) is known

— Cost of a leaf of the tree is 0.
— Compute cost of each pattern tree which matches at N,

Cost = SUM of best costs of implementing each input of
pattern plus the cost of the pattern

i 10— Choose least cost matching pattern for implementing N

Courtesy of Prof. H.-R. Jiang 48



Dynamic Programming (DP) : A Brief Review

e Typically apply to optimization problem.
e Generic approach

Calculate the solutions to all subproblems.

Proceed computation from the small subproblems to the
larger subproblems.

Compute a subproblem based on previously computed
results for smaller subproblems.

Store the solution to a subproblem in a table and never
recompute.

e Development of a DP

1.

2.

3.

4.

Characterize the structure of an optimal solution.
Recursively define the value of an optimal solution.
Compute the value of an optimal solution bottom-up.

Construct an optimal solution from computed information
(omitted if only the optimal value is required).

Courtesy of Y.-W. Chang 49



Matrix-Chain Multiplication

e [f Ais a p x g matrix and B a g x r matrix, then C= AB is
a p X r matrix o |
Cli, j1= ) Ali, k] Blk, /]
k=1

time complexity: O(pqr).

¢ The matrix-chain multiplication problem: Given a
chain <A,, A,, ..., A > of n matrices, matrix A; has
dimension p;, x p;, parenthesize the product A, A, ... A
to minimize the number of scalar multiplications.

* Exp: dimensions: A;:4 x2; A,: 2x5; A;: 5x 1
(A,A,)A;: total multiplications =4 x2x 5+ 4 x5 x 1 =060.
A,(A,A,): total multiplications =2 x5 x1+4x2x1=18.

e So the order of multiplications can make a big
difference!

n

Courtesy of Y.-W. Chang 50



Matrix-Chain Multiplication: Brute Force

e A=A, A, ... A How to evaluate A using the minimum
number of multiplications?

e Brute force: check all possible orders?
— P(n): number of ways to multiply n matrices.

fn=1,

1
P(ﬂ) = { ZE;:IL P(k)P(ﬂ _ k) If n > 2.

41"1'.-
n3/2
e Any efficient solution”? Dynamic programming!

_ Pn) = Q( ) exponential in n.

Courtesy of Y.-W. Chang
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Matrix-Chain Multiplication

e Step 1: the structure of an optimal parenthesization

— Suppose that an optimal parenthesization of AA,,, ... A; splits
the product between A, and A,,,. Then the parenthesization of
the prefix A; A, ... A, subchain within this optimal
parenthesization of AA;,, ... A;must be an optimal
parenthesization of AA,,, ... A,. (proof by contradition)

e Step 2: recursive solution

— m[i, j]: minimum number of multiplications to compute matrix A,

=AA - Al <i<jsn.
« m[1, n]: the cheapest cost to compute A, ,.

j

0 if ¢ = 7,

m[i, 5] = { Min; << {m[i, k] + m[k + 1,5] + p;_appp;} i<y

Courtesy of Y.-W. Chang

52



Bottom-Up DP Matrix-Chain Order

Matrix-Chain-Order(p)

1. n « length[p]-1

2. fori<—1tondo

3. mli,i]«< 0

4. for I« 2tondo

5. fori<1ton-1/+1do P = <Pg; P15 -+s Pn>
6. jei+l-1

7. mii, j] « «

8. fork < i toj-1do

9. q < mli, k] + m[k+1, j] + p;1pup;
10. if g < m[i, j] then

1". mli, j] < q

12. s[i,jl <« k

13. return mand s

mairix | dimension
Ay 30 * 35

A, 35 * 15
A, 15%5
Ay 5°%10

A 10+ 20
A, 20 25

A; A, A; A, As; A,

m[2,2] + m[3,4] + p1popg = 04+ 750435 x 15 x 10 = 6000.
m[2,3] + m[4, 4] + pypapg = 2625+ 0+ 35 x 5 x 10 = 4375.

Courtesy of Y.-W. Chang 53
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Tree Covering in Action

Library: nand2 =

Step 1. Find all candidate matches o
Step 2. Find the optimal match nand3 =

nand4 =
and?

aoi?2l =
ocai?2l =

nand2(3)

BSOS O N W

.. Inv(20)
j,;:iii———--"-"f‘«‘:---\j\agiZ1 (18)

-
P

\“.nand4

““““ | nand3(21) /ﬂé"ndz(m)
; , nand4(18) nand3(23)
nand4 | nand3(d4)™ /| nand4(22)
by courtesy of A. Kuehlmann T
Unit 10
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Tree-Covering by Dynamic Programming (DAGON)
e |f the subject DAG is not a tree

— Partition the subject graph into forest of trees

= Cut the graph at all multiple fanout points
— Cover each tree optimally using the dynamic programming
— Overall solution is only an approximation

Leads to
3 trees

e | -
wﬂ

Unit 10

D-

Courtesy of Prof. H.-R. Jiang
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Typical Synthesis Scenario

- read Verilog
RTL to Network Transformation - control/data flow analysis

Iy

Technology independent Optimizations

- basic logic restructuring
- crude measures for goals

-

- use logic gates from target

Technology Mapping cell library

-

- timing optimization

Technology Dependent Optimizations - physically driven optimizations

-

- improve testability

lestiEreparation - test logic insertion

by C%Lrjnrét%y of A. Kuehlmann
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Optimization Criteria for Synthesis

¢ The optimization criteria for multi-level logic is to
minimize some function of:

1.

4.

5.

6.

Area occupied by the logic gates and interconnect
(approximated by literals = transistors in technology
independent optimization)

Critical path delay of the longest path through the logic

Degree of testability of the circuit, measured in terms of the
percentage of faults covered by a specified set of test vectors
for an approximate fault model (e.g. single or multiple stuck-at
faults)

Power consumed by the logic gates
Noise Immunity
Place-ability, Wire-ability

while simultaneously satisfying upper or lower bound
constraints placed on these physical quantities

by C%Lrjnr,;tei%y of A. Kuehlmann

Courtesy of Prof. H.-R. Jiang
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Binary-Decision Diagram (BDD) Revisited

e BDD is a Directed Acyclic Graph (DAG) used to
represent a Boolean function f: B™ - B"

— Terminal node
= Attribute

= value(v)=0
= value(v)=1

— Nonterminal node
» Index(v)=i
= Two children
= low(v)
= high(v)

J=x ()t % (fx

Unit 10

F=aXs X
Vs
#,QiD\
N
& &
(ﬂy x3) 3 X3)
,ff \.\ J"S \\ Jf! \\ J;J’ \\
o] [1][o][1] o] [1][1][1

Courtesy of Prof. H.-R. Jiang
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Binary-Decision Diagram (BDD) Principles

e Restriction resulting in the positive and negative
cofactors (two restrictions) of a Boolean function:

fo — f(xlﬁ"' ﬁxf— 1° J'1F”*'1'("1!'-|- | S ”X’r”)

Jo = SO0 s X205 700 X 4 s s Xi)

— F=X1Xo X5+ Xq X2 X3 Xq X3 X3+ Xq Xp X3+ Xq Xp X5 ¥ Xq Xz X3
fo1 = Xo X3+ Xy X3+ X, X3
fii = Xo X3+ Xp X3+ X5 X3
e Shannon expansion (already known to Boole) states:
J=xfx, + X ft
¢ A complete expansion can be obtained by successively
applying Shannon expansion on all variables of a

function until either of the constant function 'O’ or ’1’ is
reached.

Unit 10
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Example: Ordered Binary-Decision Diagram (OBDD)

¢ The complete Shannon expansion can be visualized as
a tree (solid lines correspond to the positive cofactors
and dashed lines to negative cofactors).

F=X, X, X5+ X Xy X3+ Xq Xy XgF Xg X X3+ Xq Xp Xz + Xg Xy X3

Unit 10

Courtesy of Prof. H.-R. Jiang 60



Reduced Ordered BDD (ROBDD)

e ROBDD was proposed by R.E. Bryant in 1986

— “Graph-Based Algorithms for Boolean Function Manipulation,”
IEEE Trans. on Computers, C-35-8, pp. 677—691, Aug. 1986.

e An ROBDD is a Shannon co-factoring tree, except
reduced and ordered

— Reduced

= Rule 1: Any node with identical children is removed.
» Rule 2: Two nodes with isomorphic BDD’s are merged.

— Ordered
= Co-factoring variables (splitting variables) always follow the same
order Xi; < X, < ... < X,
— Canonical

= Two functions are the same iff their ROBDD’s are equivalent
graphs (isomorphic) using the same variable ordering.

= This feature makes ROBDD widely used in logic synthesis and
verification

Unit 10

Courtesy of Prof. H.-R. Jiang 61



Example ROBDD

e Two different orderings, same function.

root
node

f=ab +3ac + bed

Unit 10
Courtesy of Prof. H.-R. Jiang




Creating a ROBDD

e An OBDD is a directed tree G(V,E).

e Fach vertex v € Vis characterized by an associated
variable #(v), a high subtree 7(v) (high(v)) and a low
subtree A(v) (low(Vv)).

e Procedure to reduce an OBDD:

— Merge all identical leaf vertices and appropriately redirect
their incoming edges; (Rule 2)

— Proceed from bottom to top, process all vertices: if two
vertices u and v are found for which ¢u) = #v), n(u) =
n(v), and A(u) = A(v), merge u and v and redirect
iIncoming edges; (Rule 2)

— For vertices v for which n(v) = A(v), remove v and redirect
its incoming edges to n(v). (Rule 1)

Unit 10
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Example: Rule 1

e Rule 1: Any node with identical children is removed

Rule 1

Unit 10
Courtesy of Prof. H.-R. Jiang
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Example: Rule 2

¢ Rule 2: Two nodes with isomorphic BDD’s are merged.

Unit 10

No more rules can be applied
— An ROEBDD without isomorphic
sub-graphs is achieved

Courtesy of Prof. H.-R. Jiang
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Reduction Example

lJI Inu 1LV

Courtesy of Prof. H.-R. Jiang 66



ROBDD Properties

e The ROBDD is a canonical representation, given a
fixed ordering of the variables.

e The ROBDD is a compact representation for many
Boolean functions used in practice.

e \ariable ordering can greatly affect the size of an
ROBDD. v

— E.qg, f=HX2j—1@X2j
j=1

1y .

[

Y .

[}

Ty

L}

"

" . .

L] ]

[N . .

IlF \ *

" . »

b ’ '
.

FOr Fr
Unit 10 0 1
Courtesy of Prof. H.-R. Jiang
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A BDD Package

e A BDD package refers to a software program that can
manipulate ROBDDs. It has the following properties:

— Interaction with BDDs takes place through an abstract
data type (functionality is independent from the internal
representation used).

— It supports the conversion of some external
representation of a Boolean function to the internal
ROBDD representation.

— It can store multiple Boolean functions, sharing all
vertices that can be shared.

— It can create new functions by combining existing ones
(composition) e.g., h=1f «g.

— It can convert the internal representation back to an
external one.

Unit 10
Courtesy of Prof. H.-R. Jiang
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BDD Data Structures

e A triple (¢,n,4) uniquely e A unique table

identifies an ROBDD (implemented by a hash
vertex. table) that stores all
struct vertex | triples already processed.
char *¢; struct vertex *old_or_new(char *¢, struct vertex *z, *A)

struct vertex *n, *A; |
if ("a vertex v = (¢, n, A) exists™)
} return v;
else {
v < “new vertex pointing at (¢, n, 1)”;
return v;

)
)

Unit 10
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Building an ROBDD

struct vertex *robdd build(struct expr f, int i)
{

struct vertex *n, *A;

e The procedure directly

struct char *¢; :
Terminal case builds the compact
if (equal(f, ' 0" )) ROBDD structure.
return vop; . .
'E]S'E if (Equa].(f, r 1r )) o A Slmple SymbOIIC
return vj; computation system is
elf; <{_ i assumed for the derivation
n < robdd build(f,, i + 1) of the cofactors.
. . m‘if)ld—b“ﬂd%f + L * 7{i) gives the it variable
it (n =
return from the top
else

return old_or_new(¢, 5, A);

}
J

Unit 10
Courtesy of Prof. H.-R. Jiang
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Example robdd_build

Unit 1(

robdd bui ldiT] - T3 + 13- 13 + 1) - 13, 1)

L mbdd build(T - 134 13, 2
2 robdd build{ 17, 3)
T
X
5 robdd buildirz, 3]
N mbdd_buildic 17, 4
Tll
A
S mbdd_buildi - 07,

i
i = (I3, 1], 1)
i3 = iIEItlll tlz:l

Courtesy of Prof. H.-R. Jiang

A

= mbdd_buildiTs + 77 - 13, 2

L robdd build(Ts, 3)
L obod buildi - 07, 4
g
L
2 mbdd_buildi " 17, 4)
Tl
g = (X3, 1g, 1))

2 robdd build (T3 + 13, 3

A obdd_buildit 17, 4
Tl

A mbdd_build( - 1-, 4)
Tl
Tl
iy = (T2, 14, 1))
g = (I], 113,15 )
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ROBDD Manipulation

¢ \We can create new functions from existing functions

e Separate algorithms could be designed for each
separate operator on ROBDDs, such as AND, NOR, etc.

e However, the universal if-then-else operator ‘ite’ is
sufficient. z = ite(f,g,h), z equals g when fis true and
equals h otherwise: z = ite(f,g.h) =f- g+ f-h

® Examp|eS o R— }‘ o = f;_f{gru‘;g_j 'Or)

z=f+g=itef,"1,2)
¢ The ite operator is well-suited for a recursive algorithm
based on ROBDDs (¢(v) = x):

v = ite(F,G,H) = (x,ite(F,,G,, Hy), ite(Fg, Gy, Hy))

Unit 10
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The ite Algorithm

struct vertex *apply-te(struct vertex *F, *G, *H,int i)

{

char x;

struct vertex *n, *A;

if (F=vp)
return G; 23
else if (F = vgp) z =ite(f,g,h) =f-g+f-h
return H;
else if (G = v| && H = vp)
return F;
else {
x <« 7x(i);
n <— applydte(Fy, Gy, Hy, i + 1);
) < applydte(Fy, Gy, He i + 1);
if (n = A)
return #;
else
return old_or_new(x, n, A);

Unit 10 }

73
Courtesy ot Prot. H.-R. Jiang



Comments on the ite Algorithm

¢ The algorithm processes the variables in the order used
in the BDD package.

— (i) gives the " variable from the top; 7-1(x) gives the
index position of variable x from the top.

e Computation of the restrictions: suppose that F is the
root vertex of the function for which F, should be
computed:

Fo= n(F) if z(HF)) =

¢ The calculation of '+ is done in an analogous way.
* The time complexity of the algorithm is O(|F|*|G|*|H]).

— Each call of apply _ite will create at most one ROBDD vertex

Unit 10

Courtesy of Prof. H.-R. Jiang 74



ite Operators

Unit 4

Operator Equivalent ite form
0 0
/g ite (£, 8 0)
g ite (£, 8%, 0)
/ /
/g ite (1,0, ¢)
g g
/Dg ite (., 8, 8
f+g ite (£, 1, 8)
(f+g) ite (1, 0,8)
(fDgy ite (1,8 8")
g’ ite(g, 0,1)
f+g’ ite (f,1,87)
f’ ite(£,0,1)
f'+g ite (f. 8 1)
(fg) ite (£, 8 1)
1 1

Courtesy of Prof. H.-R. Jiang
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ROBDD Example: Computing/Obtaining G from G

apply-ite(vg, vg, v1, 1)
L apply-ite(v7, vg, v1,2)
L apply-ite(xg, vg, v1, 3)
v]
_ A _
G = Ite(G, 0, 1) =% apply_ite(v1, vg, ¥1, 3)
b0
vg = (X2, V1, 1)
% apply-ite(vg, vo, 1, 2)
vy
v10 = (X1, Y9, 1)

Unit 10
Courtesy of Prof. H.-R. Jiang
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ROBDD Example: Computing H from F, G, G

apply-ite(vg, v19, vg, 1)
L apply-ite(v3, vg, v7,2)

¥ .
H=v, 8 apply-ite(vy, v, vg, 3)

vl

A
11— apply-ite(vy, vg, v1,3)

Vy ez T e apply-ite(vy, vg, v1,4)
e - ) o
i apply-ite(vq, vg, v1, 4)
L3
vqg = (x3,v0, 1)
H=F® G v11 = (X2, U1, ¥4)
= ite(F, G, G) 2 apply-ite(vs, v1, 10, 2)

vs
v12 = (X1, ¥11, ¥5)

Unit 10
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Composition

e The composite problem is

— the ROBDDs of two functions fand g are known/pre-
computed

— the output of g is connected to an input of f

— compute the ROBDD of the composed function h,
where

h=1f(Xq, ..., Xig, G Xigqy -1 Xp).
¢ Using Shannon expansion, one finds that

h=g-fo+ T fe= ite(gfi.fo

® Now, the restrictions/cofactors have to be calculated by
dedicated algorithms.

Unit 10
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Restriction: Positive Cofactor

Unit 10

struct vertex *positive_cofactor(struct vertex *F, int r, i)
{

char x;

struct vertex *n, *A;

if (F = wvy)
return vy ;
elseif (& = vp)
return vg;
elseif (r = i)
return n(F);
else {
x <« m(i);
n <— positive_cofactor(Fy, r, i 4 1);
A < positive_cofactor(fy, r, i 4+ 1);
if (n = A)
return 7;
else
return old_ornew(x, n, A);

Courtesy of Prof. H.-R. Jiang
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Positive Cofactor Example: Computing F,,

1}[]

positive_cofactor(vg, 3, 1) X

? Ll " Ll "
1 positive_cofactor(vy, 3,2 — positive_cofactor(vs, 3, 2
1 ..
X positive_cofactor(vy, 3, 3) 2 positive_cotactor(vg, 3, 3)
i o
oL A it
— positive_cofactor(vy, 3, 3) — positive_cofactor(vy, 3, 3)
tH] "
v v7 = (X2, ¥Q, V1)
Unit 10 v13 = (X1, v1, ¥7)

Courtesy of Prof. H.-R. Jiang
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Variable Ordering

e Reorder adjacent variables only has a local effect on
the ROBDD.

Unit 10
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The Influence of Variable Ordering

e Size of BDD

— Can vary from linear to exponential in the number of the
variables, depending on the ordering

¢ Hard-to-build BDD

— Data path components (e.g., multipliers) cannot be represented
in polynomial space, regardless of the variable ordering
¢ Finding the ordering that minimizes the ROBDD size for
some function is intractable (co-NPC)

— The optimal ordering may change as ROBDDs are being
manipulated.

Unit 10
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Example on Variable Ordering

Unit 10

z=(adbb) - (chd) - (edf)

good order bad order

Courtesy of Prof. H.-R. Jiang
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Heuristic of Variable Ordering

e Heuristics of ordering
— Put variables that influence most on the top of BDD.

— Minimize the distance between strongly related variables.

» €.0., X1x2 + x2x3 + x3x4
X1 > x2 > x3 > x4 is better than x1 > x4 > x2 > x3

e An ROBDD package will try to reorder the variables at
distinct moments.

— It could move one variable to the top and back to the
bottom and remember the best position. It could then
repeat the procedure for the other variables.

e Another “invisible” feature of an ROBDD package is
garbage collection.
— Automatically remove vertices that are no longer required

Unit 10
Courtesy of Prof. H.-R. Jiang
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Summary: From Boolean Expression to BDD

x1=1 *

cofactor

Unit 10

Given a Boolean formula
f=x3-(x1+x2)

w

Use variable order: x1=2x2->x3

a sequence of recursive
Shannon expansions

X

Shannﬁh-zexpansinn on x1
L [N A LA S
=x1-x3+x1"-x2-x3

!

Shannon expansion on x2 and x3
f=x1-x3+x1"-(x2-x3+x2-0)

o

Courtesy of Prof. H.-R. Jiang

AL
Perform reduction on the resulting
BDD to a canonical form

x1=0
cofactor

BDD of f
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BDD Features

e Strengths
— BDD is a compact representation for Boolean functions
— Canonical, given a fixed variable ordering
— Polynomial time in BDD size for many Boolean operations

e \Neaknesses

— In the worst case, the size of a BDD is O(2") for n-input
Boolean functions

Unit 10
Courtesy of Prof. H.-R. Jiang
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ROBDDs and Satisfiability

¢ A Boolean function is satisfiable if an assignment to its

variables exists for which the function becomes ‘1’

¢ Any Boolean function whose ROBDD is unequal to ‘0’ is

satisfiable.

e Suppose that choosing a Boolean variable x; to be ‘1’
costs c¢,. Then, the m|n|mum-cost satlsflablllty
problem asks to minimize: ? e o)

—l

where u(x;) =1 when x;="1" and x(x;) = 0 when x;=0".

¢ Solving minimum-cost satisfiability amounts to
computing the shortest path in an ROBDD, which can
be solved in linear time (since an ROBDD is a DAG).
— Weights: w(v, n(v)) = ¢, w(v, A(v)) =0, variable x; = #(v).

Unit 10
Courtesy of Prof. H.-R. Jiang
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ROBDD Application: Functional Verification

e Design creation process can be viewed as a series of
transformation, from abstract specification all the way to
layout.

¢ Functional verification is to compare a specification 1 to
an implementation g.
— They can both be represented by ROBDDs (F resp. G).
— Can be performed on the same level or different levels

® |n case of a fully specified function, verification is trivial
(pointer comparison) because of the strong canonicity
of the ROBDD data structure.

— Strong canonicity: the representations to identical
functions are the same.

e |f there is a dc-set, use two functions f and d. The
implementation g is correctwhen ¢ + /- ¢ + - T

Is a tautology (the expression evaluates to '1°).

Unit 10
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The Roles of Functional Verification

Design Flow Design Verification

Design Validation
(Is what | specified

abstract design specification g \ really what | want?)

High-level synthesis Property Checking
(Does the design
has desired properties?)

Register-Transfer Level Model

Equivalence Checking
(Implementation verification)
(Is what | implemented
Schematic really what | specified?)

(gate-level or transistor-level) -

Physical design ( ) F‘hyaiceEIL*{?Sri:TicatiDn

Layout Physical verification
(DRC)

Logic synthesis

LVS: layout vs. schematic check, DRC: design rule check

Unit 10
Courtesy of Prof. H.-R. Jiang
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Application of EC in ASIC Designs

Unit 10

RTL . Property
Specification Checking
- L
Cell-Based Equivalence
Synthesis Checking
J L

Standard Cell
Implementation

4 L
Engineering Equivalence
Changes (ECOQOs) Checking
J L
Final

Implementation

Courtesy of Prof. H.-R. Jiang
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Verification

e Design Verification

— Functional Verification
» Property checking in system level
s PSPACE-complete (PcNPcPSPACE)

= The hardest problems in PSPACE are the PSPACE-
complete problems

» Equivalence checking in RTL and gate level
= PSPACE-complete

— Physical Verification

= DRC (design rule check) and LVS (layout vs. schematic check) in
layout level

= [ractable
e Manufacture Verification
— Testing
= NP-complete
e “Verification” often refers to functional verification

Unit 10
Courtesy of Prof. H.-R. Jiang
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Informal vs. Formal Verification

¢ |nformal verification e Formal verification
— Functional simulation aiming — Mathematical proof of design
at locating bugs correctness
— Incomplete — Complete
= Show existence of bugs, but » Show both existence and
not absence of bugs absence of bugs
— Low complexity — High complexity
System to be Specification
verified
Yes No,

error trace
Unit 10

Courtesy of Prof. H.-R. Jiang
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Functional Verification Comparison

e Simulation (software)
— Input stimuli derived manually or automatically by constraints
solvers
— Incomplete (i.e., may fail to catch bugs)

— Very time-consuming, especially when at lower abstraction
level such as the gate or transistor level

— Still the most popular way for design validation

¢ Emulation (hardware)

— e.g. FPGA-based emulation system, or emulation system
based on a massively parallel machine (e.g., with 8 boards,
each having 128 processors)

— 2 to 3 orders of magnitude faster than software simulation
— Costly and might not be very easy-to-use

e Formal verification

— Arelatively new paradigm for property checking and
equivalence checking

— Requires no input stimuli

1o Performs exhaustive proof through rigorous logical reasoning
ni

Courtesy of Prof. H.-R. Jiang
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